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FOREWORD 
T h i s  f i n a l  report  summarizes the  r e s u l t s  of t h e  Rocket 
Trajectory Optimization Project  conducted under Contract NAS 8- 
1549. The contract  was administered by t h e  Aero-Astrodynamics 
Laboratory (formerly Aerobal l i s t ics  Division) of NASA's Marshall 
Space F l ight  Center, Huntsvi l le ,  Alabama. The work w a s  car r ied  
from March 1961 t o  December 1964 by the  Research Department of 
Grumnan Ai rc ra f t  Engineering Corporation. M r  . W i l l i a m  E. Miner 
w a s  t h e  cognizant technical  d i r ec to r  fo r  t h e  Astrodynamics and 
Guidance Theory Division, Marshall Space F l ight  Center. 
During t h i s  period twelve individual  repor t s  (Refs. 1-12) 
have been submitted as contr ibut ions t o  "Progress Reports On 
Studies  i n  t h e  F ie lds  of Space F l ight  and Guidance Theory,'' 
published by Marshall Space F l ight  Center. Ten of these repor t s  
have appeared i n  Progress Report Nos. 1-5, and two have been sub- 
mit ted f o r  publ icat ion i n  Progress Report No. 7.  
A t  t h e  request  of t h e  Future Projects  Branch, two computer 
programs (IBM cards and program l i s t i n g s )  and a typ ica l  solut ion 
f o r  each have been forwarded t o  Marshall Center. Also prepared 
f o r  t h e  computer programming personnel a t  Marshal l  Center, is  a 
report  (Ref. 13) t h a t  describes i n  d e t a i l  t h e  equations and log ic  
of t h e  computer program f o r  three dimensional va r i ab le  low t h r u s t  
interplanetary t r a j ec to ry  optimization. 
The primary object ives  throughout t h e  inves t iga t ion  have 
been 1) t o  develop techniques and computer programs fo r  calcula-  
t i n g  optimum t r a j e c t o r i e s  of l o w  th rus t  vehicles ,  and 2) t o  
extend the  va r i a t iona l  theory of optimum rocket f l i g h t  wherever 














This repor t  summarizes work ca r r i ed  out under Contract 
NAS 8-1549 on Rocket Trajectory Optimization. 
r e f l e c t  t he  major areas of invest igat ion pursued and note  t h e  
references t h a t  contain f u r t h e r  treatment of t h e  subject  under 
discussion. 
publ icat ions generated i n  t h e  course of the contract  invest igat ions.  
Basical ly ,  t h r e e  types of t r a j ec to ry  problems were invest igated:  
interplanetary l o w  t h r u s t ,  geocentric low t h r u s t ,  and geocentr ic  
high t h r u s t .  
The report  sections 
The reference sect ion contains a complete l i s t  of a l l  
A successive approximation technique closely r e l a t e d  t o  t h e  
gradient  method has been used t o  compute t h r e e  dimensional, o p t i -  
mal, low t h r u s t ,  Earth-to-Mars t r a j e c t o r i e s .  Two computer pro- 
grams have been developed, one fo r  constant t h rus t  appl icat ions,  
t h e  other  f o r  var iab le  thrust- l imited problems. 
generate  planetary ephemeris information, and optimize t h e  tra- 
j e c t o r i e s  fo r  rendezvous and intercept  missions. 
The programs 
Optimum, geocentr ic ,  low t h r u s t ,  o r b i t a l  t r ans fe r s  have been 
computed using gradient-type methods and a recent ly  developed 
generalized Newton-Raphson method. Ci rc le - to-c i rc le  t r ans fe r s  i n -  
volving up t o  26 revolut ions about  t h e  earth have been calculated 
w i t h  t h e  Newton-Raphson technique. 
A t h i r d  type of problem - optimum, geocentr ic ,  high t h r u s t ,  
o r b i t a l  t r a n s f e r  - has  been t rea ted  a l s o  using both of t h e  suc- 
cessive approximation techniques. For t h i s  purpose, t h e  general-  
ized Newton-Raphson method had t o  be extended i n  appl icat ion t o  
var iab le  . iiun&le inequialfty t ~ ' s t r a i z . t s  % the t , h F ! S t  mPg5lrudP cm-trnl 
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The problem of determining economical t r a j e c t o r i e s  fo r  l aw 
t h r u s t  vehicles  has  been attacked by t h e  c l a s s i c a l  va r i a t iona l  
method w i t h  only l i m i t e d  success. 
c i a t ed  w i t h  t he  two-point boundary value problem, a r i s i n g  i n  
numerical so lu t ion  of t h e  Euler-Lagrange equations of optimal 
f l i g h t ,  and w i t h  t h e  inequal i ty  cons t ra in ts  imposed on t h e  control  
var iab les .  It is  believed tha t  these d i f f i c u l t i e s  represent  an 
even g rea t e r  obstacle  t o  solving more complicated and r e a l i s t i c  
th ree  dimensional problems using c l a s s i c a l  techniques. 
The main d i f f i c u l t i e s  a r e  asso- 
Successive approximation methods have been explored a t  
Grumman in  an attempt t o  overcome t h e  two-point boundary value 
d i f f i c u l t y .  Of t h e  th ree  methods described i n  Ref. 1, t h e  "Min W" 
scheme, classed among t h e  d i r ec t  methods of t he  calculus  of var ia -  
t i ons ,  has been u t i l i z e d  for  most of t h e  computer programs. More 
recent  e f f o r t s  have r e su l t ed  in  development of t h e  generalized 
Newton-Rapheon operator technique, an ind i r ec t  method tha t  so f a r  
has  proven t o  be f i v e  t o  ten times f a s t e r  and considerably easier 
t o  program. 
Two general types of low t h rus t  t r a j e c t o r y  optimization prob- 
lems have been s tudied concurrently u t i l i z i n g  these successlve 
approximation techniques. The f i r s t  concerns one-way, i n t e r -  
planetary missions for  which t h e  vehic le  may achieve rendezvous 
with a t a r g e t  planet  i n  less than one revolut ion around the sun. 
The second deals  w i t h  geocentric o r b i t a l  t r a n s f e r  missions r e -  
qu i r ing  several  hundred revolutions about t h e  e a r t h  t o  achieve 
higher  energy o r b i t s  or  escape conditions.  
Frm & ewGtctiu?ial --*--A*-& cL- - - - - -&-a-  -..I- 
V A = W y U A l I L  LUG 5 = U L = l l L A A L  LQPG is cxl- 
siderably more d i f f i c u l t  t o  t r e a t  because of excessive accumula- 
t i o n  of t runcat ion and round-off e r ro r s  r e s u l t i n g  f r an  the  l a rge  
number of in tegra t ion  in te rva ls .  It has been suggested t h a t  t h e  
tarma ''weak" and "strong" cent ra l  force f i e l d  be used t o  d i s t i n -  
guirh between the  two problems, inasmuch as t h e  g rav i t a t iona l  
acce lera t ion  of t h e  earth a t  an a l t i t u d e  of 200 m i l e s  i s  about 
1500 times g rea t e r  than t h e  g rav i t a t iona l  a t t r a c t i o n  of t h e  sun 
a t  a distance of one astronomical un i t .  
In addi t ion t o  t h e  two l c r w  t h r u s t  s tud ie s ,  an attempt hw 
barn nude t o  calculate optimum trajectorier of high th ruo t  vehicles  
fo r  which t h e  f u l l - t h r o t t l e  durations are expected t o  be s h o r t  
relative t o  coast ing periods. 
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The propulsion system f o r  a l l  of t h e  numerical s tud ie s  i s  
thrus t - l imi ted  w i t h  a constant s p e c i f i c  impulse. 
planetary and high th rus t  s tud ies ,  t h e  engines a r e  capable of 
shutdown and restart. 
optimization, and no consideration is  given t o  guidance, perturba- 
t i o n  e f f e c t s ,  o r  e r r o r  ana lys i s .  
For t h e  i n t e r -  
Attention i s  focused upon nominal t r a j e c t o r y  
During t h e  inves t iga t ion ,  several  analyses dealing wi th  t h e  
v a r i a t i o n a l  theory of optinnrm rocket f l i g h t  have been ca r r i ed  au t .  
Two of these, s ingular  extremals and discontinuous v a r i a t i o n a l  
problems, a r e  a l s o  reported on herein. 
2 
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Two IBM 7090 computer programs have been developed fo r  
determining optimum, th ree  dimensional, l a w  t h r u s t ,  in te rp lane tary  
t r a j e c t o r i e s  (Refs. 2 and 13). The programs are i d e n t i c a l  w i t h  
t h e  exceptions t h a t  one treats constant t h r u s t  rockets ,  and t h e  
other deals  w i t h  va r i ab le  thrus t - l imi ted  engines. A successive 
approximation scheme t h a t  employs t h e  Min H* operation described 
i n  Ref. 1 is used t o  optimize the t r a j e c t o r i e s ,  and a penalty 
function technique i s  used t o  handle terminal cons t r a in t s  on posi-  
t i o n  and ve loc i ty  components and fue l  consumption. 
For t h e  system model and equations of motion, it i s  assumed 
t h a t  t he  e n t i r e  f l i g h t  is  under the e f f e c t s  of s o l a r  grav i ty  
only. 
taken as e l l i p t i c  and noncoplanar. 
optimized, the planetary o rb i t a l  elements a r e  computed fo r  t h e  
date of departure,  using ephemeris information, and a r e  taken as 
constant throughout t h e  f l i g h t .  Thus, s u f f i c i e n t  realism is ob- 
tained without r e so r t ing  t o  tape-stored data  or  other  lengthy 
canputational procedures. 
The o r b i t s  of t he  planets of departure and des t ina t ion  a r e  
For each t r a j ec to ry  t o  be 
Although t h e  canputer programs a r e  capable of dealing w i t h  
missions i n i t i a t e d  from any posi t ion i n  the  so l a r  system, it 
usua l ly  is  assumed t h a t  t h e  vehicle has been launched from some 
planet  of departure and boosted t o  a ve loc i ty  s u f f i c i e n t  fo r  
escape from t h a t  planet .  Thus, the  i n i t i a l  components of posi-  
t i o n  and ve loc i ty  of the  vehicle w i t h  respect  t o  the  he l iocen t r i c -  
i n e r t i a l  system a r e  taken t o  be i d e n t i c a l  w i t h  those of the planet  
of depar twe.  
LL-A uaL BWVSAU -I--- - - -+*r=~n~p bW... --e----- tn  the desired terminal conditions,  it 
is  possible  t o  study missions such as orbital trazsfer, rendez- 
vous, and in t e rcep t .  
By appropriate se lec t ion  of t he  penalty constants 
Optimization is achieved by determining the  time varying 
cont ro l  functions t h a t  minimize t h e  f i n a l  value of time. These 
functions cons is t  of t he  two t h r u s t  s t ee r ing  angles and t h e  
t h r u s t  magnitude within l i m i t s  from zero t o  some maximum value. 
For t h e  constant t h r u s t  appl icat ion,  t h e  fue l  expended i s  not 
l imi ted ,  and minimizing time i s  equivalent t o  minimizing fue l .  
For t h e  va r i ab le  t h r u s t  case,  the t o t a l  propel lant  a l loca ted  i s  
less than t h a t  required fo r  the corresponding constant t h r u s t  
example, and as a consequence one w i l l  obtain coasting a rc s  or 
t h r w t  magnitudes less than maximum. 
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Optimum, Earth-to-Mars, rendezvous t r a j e c t o r i e s  have been 
computed f o r  departure  dates fran January 1965 t o  September 1973, 
covering a range of four  synodic periods of Mars (synodic period 
of Mars is  2.135 years) .  For t h i s  phase of t he  numerical s tud ie s  
(Ref. a) ,  t h e  t h r u s t  magnitude is constant and continuous. The 
results ind ica te  t h a t  there  are no d i s t i n c t  o r  highly s ign i f i can t  
differences between t h e  three dimensional, optimum t r a j e c t o r i e s  
and those obtained from t h e  previous c i r c l e - t o - c i r c l e  coplanar 
s tud ies .  Th i s  i s  due t o  t h e  small i nc l ina t ion  of Mars' o r b i t  
(1.850). The differences t h a t  do e x i s t  appear t o  be associated 
mainly w i t h  t h e  eccen t r i c i ty  of t h e  p lane ts '  o r b i t s .  
Examination of t h e  trajectories ind ica tes  t h a t  there are 
three types of optimum t r ans fe r .  For one type,  t h e  vehic le ' s  
t r a j ec to ry  i s  e n t i r e l y  within t h e  o r b i t s  of t he  Ea r th  and Mars. 
Because the  planets  a r e  i n  a more favorable pos i t ion ,  t h i s  c l a s s  
of t r a n s f e r s  includes the "minimum minimorum" of t h e  minimum t i m e  
rendezvous t r a j e c t o r i e s .  A t  progressively la te r  launch dates ,  
Mars f a l l s  behind t h e  Ear th ,  resu l t ing  i n  a second type of t rans-  
f e r  f o r  which t h e  vehicle  f l i e s  out p a s t  t h e  Martian o r b i t  and 
" w a i t s "  f o r  t h e  planet  t o  overtake it. 
da tes ,  Mars is  so f a r  behind the E a r t h  t h a t  the  vehicle  "decides" 
t h a t  rather than w a i t  f o r  Mars, it is more "prof i table"  i n  terms 
of time and fuel t o  increase i t s  angular ve loc i ty ,  passing c lose r  
t o  t h e  Sun than t h e  planet  Mercury, and eventual ly  catching up 
w i t h  Mars. Although t h i s  maneuver requires  an addi t iona l  revolu- 
t i o n  about t he  Sun, the  t ransfer  t i m e  i s  less. 
A t  s t i l l  later launch 
To b e t t e r  understand t h e  performance capabi l i ty  of low t h r u s t  
propulsion systems, a l imited vehicle  parameter va r i a t ion  w a s  
t a r r i e d  sit. 
t h e  s p e c i f i c  impulse of t he  rocket engine was kept f ixed a t  5685 
seconds. The following t a b l e  summarizes t h e  r e s u l t s .  Minimum 
t r i p  times are .given f o r  four s e r i e s  of launch da tes ,  each series 
occurring once every synodic period during which t h e  planets  are 
i n  t h e  most favorable posi t ion.  
t h a t  1971 is  t h e  vintage year  for  low t h r u s t  t r a j e c t o r i e s .  
na t ion  of t h e  t r a j e c t o r i e s  f o r  these superior  1971 launch dates 
reveals t h a t  rendezvous occurs when Mars i s  near  per ihel ion of 
its o r b i t ,  or  preferably just past  per ihel ion.  
For t h i s  phase of the study, the lsmch date m d  
- - a - L * - l - ' m  tL - .ec I * -~+*a . I  r . raJrrkt  r a t a n  T / W -  T . T ~ Q  ~ r n c I n r l  mmA 
b&&G V S & L A b . L G  0 C L L L Y O C I  & L & L C & . C . L  W - L 6 . . -  *--&-, * I  . v u ,  "-- ------, --I- 
The r e s u l t s  ind ica te  c l ea r ly  
Exami- 
The component of t h e  th rus t  s t ee r ing  angle i n  t h e  plane of 
t h e  e c l i p t i c  repeatedly displays t h e  following characteristic 
motion. Early i n  f l i g h t  t h i s  vector component points  general ly  
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T h o  1967 1969 1971 1973 
8.467 x loos 204 186 166 180 







i n  t h e  d i r ec t ion  of motion and away from t h e  sun. 
i n  f l i g h t  it r o t a t e s  almost abruptly from a pos i t ion  pointing 
away from the  sun t o  a posi t ion pointing toward t h e  sun. 
a f t e r ,  t h e  vector  is generally i n  the  d i r ec t ion  of motion and 
toward t h e  sun. 
one derived from t h e  l i nea r i zed ,  near -c i rcu lar ,  o r b i t a l  t r a n s f e r  
s tud ie s  (Ref. 4).  A s  expected, t h e  component of t h e  t h r u s t  nor- 
m a l  t o  t h e  plane of t h e  e c l i p t i c  is  generally qu i t e  small (+SO). 
It is t h i s  control  component t ha t  must change the  s m a l l  i nc i ina -  
t i o n  of t h e  vehic le ' s  o r b i t a l  plane by 1.85O without unduly 
penalizing the in-plane,  energy-producing component of t he  
t h r u s t  vector.  
About half-way 
There- 
T h i s  s t ee r ing  program is  q u i t e  similar t o  t h e  
I n  addi t ion t o  t h e  va r i a t ion  i n  T/Wo, t he  e f f e c t  of changing 
the  s p e c i f i c  impulse, Is, w a s  also b r i e f l y  examined. For values 
of Is 100 per cent l a r g e r ,  t h e  t r a n s f e r  time increased only 
s l i g h t l y  by 2-3 per cent.  The real s igni f icance  of the  more 
e f f i c i e n t  engines, is, of course, i n  t h e  g rea t e r  payloads delivered. 
Optimum, Earth-to-Mars, in te rcept  t r a j e c t o r i e s  were a l s o  
computed fo r  vehicles  w i t h  constant t h r u s t  engines. 
t h e  removal of cons t ra in ts  upon t h e  terminal values of t h e  
ve loc i ty  canponents, t he re  is an appreciable savings i n  t r a n s f e r  
t i m e  -- as much as 40 per cent.  Whether t h e r e  is a proportional 
savings i n  fuel consumed f o r  the corresponding fly-by-and-return . 
miorion could be determined only by de ta i l ed  ana lys i s  of the  
round t r i p  case. 
Because of 
Optimum, Earth-to-Mars, var iab le  t h r u s t ,  rendezvous tra- 
j e c t o r i e s  were determined f o r  several  launch dates i n  t h e  v i c t n i t y  
of January 1967 and May 1971. 
* 
These dates  correspond t o  times 
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i 
when t h e  p lane ts  are i n  very favorable posi t ions.  
vious c i r c l e - t o - c i r c l e  coplanar s tud ie s ,  t h e  t h r u s t  magnitude pro- 
grams have a bang-bang t h r o t t l e  c h a r a c t e r i s t i c ,  t h e  t r a n s f e r s  
cons is t ing  of an i n i t i a l  f u l l  t h r o t t l e  period, a coast ing period, 
and a f i n a l  fu l l  t h r o t t l e  period. The s ign i f i can t  f ea tu re  of 
these var iab le  thrus t - l imi ted  vehicles i s  tha t  a s i g n i f i c a n t  
reduction i n  fue l  requirements may be achieved i f  the  t r a n s f e r  
time is  permitted t o  be s l i g h t l y  longer. 
of t h e  January 1967 launch indica te  t h a t  a 5 p e r  cent s a c r i f i c e  
i n  t i m e  y i e lds  a 30 per cent savings i n  fue l .  
does 'not  remain constant,  i .e.,  i f  the  time i s  permitted t o  increase 
15 per cent t h e  savings i n  fuel is  only 50 per cent .  
As i n  t h e  pre- 
For example, the  r e s u l t s  
The r a t i o ,  however, 
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OPTIMAL LOW THRUST NEAR-CIRCULAR ORBITAL TRANSFER 
An attempt has been made to obtain analytically, for a 
simplified system model, an optimum circle-to-circle orbital 
transfer solution that includes an abrupt 180° thrust reversal 
similar to that noted in some of the coplanar Earth-Mars tra- 
jectories obtained numerically. 
in the accuracy/time study of numerical integration. 
further conjectured that such an analysis may provide reliable 
insight to the characteristics of the general low thrust problem. 
Such a solution is of interest 
It is 
The equations of motion employed for the analysis (Ref. 4) 
By assuming 
are expresred in coordinates of a rotating axis system, with the 
origin moving in a circular orbit about the earth. 
that the vehicle's thrust/mass ratio is constant, and that the 
motion is always near this origin, the equations become linear 
with constant coefficients. Because the equations contain the 
undetermined thrust steering angle, solutions can be expressed 
in terms of superposition integrals containing this angle. By 
the indirect method of the variational calculus, an optimum 
thrust direction program is formulated in terms of two unknown 
constants. These constants are associated with the constraints 
on terminal values. 
Analytical evaluation of the unknown constants appears to 
be unpromising because of the camplex integrations involved. 
Instead, a digital program has been developed that numerically 
integrates the equations of motion and, by a systematic search 
procedure, automatically evaluates the constants and generates 
the thrust direction time histories. Optimum solutions have 
heen ~ a _ l ~ ~ l _ a _ t e d  fnr circle-to-cfrcle arb€tal transfers up t o  
i o  revolutions about the earth. Because the probiem is linear, 
and because one of the equation parameters may be eliminated by 
nondimensionalizing time, it turns out that the results computed 
with only one set of data are sufficient to describe in detail 
the optiamm'circle-to-circle orbital transfer for any specified 
values of the vehicle's thrustjmass ratio, the vehicle's initial 
orbital period, and the duration of powered flight. Due to the 
linearizing approximations, the numerical results become more 
inaccurate for the longer durations of flight. 
An examhation of the optimum time history solutions reveals 
many interesting characteristics and has encouraged further search 
for an analytically integrated closed-form solution. For example, 
7 
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it i s  noted t h a t  t h e  time va r i a t ion  of t h e  t h r u s t  s t e e r i n g  angle 
during t h e  f i r s t  ha l f  of an opt imum t r a n s f e r  i s  always a n t i -  
symmetrical w i t h  respec t  t o  t h e  midpoint. Similar ly ,  t h e  t i m e  
h i s t o r i e s  of t h e  two components of both t h e  ve loc i ty  and accelera- 
t i o n  a l s o  have t h i s  "exactly" symmetrical o r  antisymmetrical 
property.  
f igures  f o r  t h e  numerically in tegra ted  r e s u l t s  and suggests t h a t  
t h e  symmetry property would be exact i f  t h e  i n t eg ra t ion  were 
e r ro r - f r ee .  
"Exactly" r e f e r s  t o  an accuracy of s i x  s i g n i f i c a n t  
Another i n t e r e s t i n g  c h a r a c t e r i s t i c  i s  observed whenever 
t h e  durat ion of powered f l i g h t  is equal t o  some in teger  number 
of t h e  o r b i t a l  period. For  these cases ,  t h e  t h r u s t  d i r ec t ion  
remains ci rcumferent ia l  and t h e  vehic le  passes through a higher 
energy c i r c u l a r  o r b i t  condition a t  t h e  end of each revolut ion.  
The p o s s i b i l i t y  t h a t  t h e  optimal t h r u s t  d i r ec t ion  program may be 
circumferent ia l  f o r  a c i r c l e - t o - c i r c l e  o r b i t a l  t r a n s f e r  involving 
many revolut ions about a cen t r a l  force f i e l d  should o f f e r  an 
explo i ta t ion  avenue i n  connection w i t h  t h e  guidance problem. 
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GEOCENTRIC VERY LOW THRUST ORBITAL TRANSFER 
Min HJr Method 
Two of the problems associated with the optimization of low 
thrust geocentric trajectories by successive approximation tech- 
niques arise 88 a consequence of the large number of revolutions 
about the earth required by a vehicle to achieve significant 
energy changes. One of these problems is the sizable accumula- 
tion of round-off truncation error resulting from the many integra- 
tion intervals required. The second difficulty, brought about by 
optimization requirements, is the need to store the control func- 
tions as functions of time. 
ones, the amount of storage required may become computationally 
prohibitive. 
If the functions are rapidly changing 
To provide the precision necessary for geocentric trajectory 
computation, a new variation-of-parameters method has been devel- 
oped (Refs. 1 and 5). 
racy, the method avoids solution of Kepler's equation and does 
not exhibit singularities or ambiguities such as encountered in 
other variation-of-parameter schemes. 
was employed as a closed-form check solution,. and trajectories 
were computed in single precision for 60 revolutions about the 
earth and compared with another better-known perturbation tech- 
nique. The new method required less computing time and proved 
accurate to five significant figures as compared to only three 
significant figures for the other method. 
In addition to achieving the required accu- 
The logarithmic spiral 
To prevent the computer storage requirements of the Min H* 
--&*-a --&a - ---nnA---- C--- LIAHIIC. - - - -mmI .wn a rrnwC..rh.a+lrr- 
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technique has been developed (Ref. 1) that uses the concept of 
Green's functions (or influence functions). These functions, 
which are easily derived analytically for near-elliptical motion, 
represent the first-order perturbations of the position and 
velocity components due to a small increment in each occurring 
at some previous time. By appropriate integration and applica- 
tion of Euler's equation, an optimum thrust direction program 
is derived in terms of the Green's functions and certain param- 
eters.. There parameters, which are constant for unperturbed 
two-body motion, may be assumed to vary slowly with ti- so as 
to acccmt far second and higher order effects. And, since the 
perturbations produced by low thrust engine6 are extremely 
small, the parameters should indeed vary slowly, thereby con- 
siderably reducing the number of points requiring stored informa- 
tion. 
. 
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However, programming t h e  Green's functions and t h e  va r i a t ion -  
of-parameters procedure, together with t h e  assoc ia ted  transforma- 
tions and log ic ,  w a s  noted t o  be excessively complex. 
reason, the  Green function approach has  been discarded and re- 
placed by a formula more consis tent  w i t h  t h e  bas i c  var ia t ion-of -  
parameters equations. 
For t h i s  
The new formula ( R e f .  5 )  i s  based on t h e  appl ica t ion  of t h e  
mul t ip l i e r  r u l e  t o  t h e  d i f f e r e n t i a l  equations f o r  these slowly 
varying state var iab les .  The r e s u l t  i s  a t h r u s t  d i r ec t ion  formula 
t h a t  i s  a function of t h e  s ta te  va r i ab le s ,  a set  of mul t ip l i e r s ,  
and t h e  t i m e .  An examination of t h e  t i m e  derivates of t h e  m u l t i -  
p l i e r s  shows them t o  be of t he  same order of magnitude as t h e  
t i m e  der iva t ives  of t h e  state var iab les ,  i . e . ,  they both contain 
the  thrust/mass r a t i o ,  a small number, as a common fac tor .  
fo re ,  it may be concluded t h a t  t h e  t h r u s t  d i r ec t ion  is  adequately 
represented by s t o r i n g  these mul t ip l ie rs  a t  widely spaced i n t e r -  
v a l s ,  and t h e  Min H* scheme can then be appl ied d i r e c t l y  t o  o p t i -  
mizing t h e  t r a j e c t o r y  w i t h  respect t o  these quan t i t i e s .  I n  t h i s  
manner the  s torage required for  t h e  t h r u s t  program can be reduced. 
The formula and t h e  mul t ip l i e r  equations have been incorporated 
i n t o  t h e  computer program, and preliminary r e s u l t s  bear out t h e  
expectations.  
There- 
To gain experience t h e  problem chosen is that of optimum 
t r a n s f e r  of a vehic le  wi th  a r e l a t i v e l y  high t h r u s t  l eve l  of lO'3g's 
from a circular, l o w  a l t i t u d e ,  earth o r b i t  t o  a 24-hour o r b i t .  
Early results demonstrate t h a t  the  parameters and mul t ip l i e r s  vary 
slowly so t h a t  a l a r g e  in tegra t ion  i n t e r v a l  of approximately 1000 
seconds can be used. With an i n i t i a l  guess of constant circum- 
f e r e n t i a l  t h r u s t ,  several descents of t h e  Min H* scheme r e s u l t  i n  - +k-.st =vnm-nm &A+ whirh t h e  a_ngL~ varies per iodica l ly  w i t h  
t h e  period of t h e  o r b i t ,  and this is achievea w i t h  only minor 
changes i n  t h e  magnitudes of t h e  mu l t ip l i e r s .  Though complete con- 
vergence has not  been achieved, t h e  new t h r u s t  program resembles 
c lose ly  t h e  a n a l y t i c a l  r e s u l t s  f o r  c i r c l e - t o - c i r c l e  o r b i t a l  
t r a n s f e r  (Ref .  4) .  
C. C b b & Y O C  r&.Ve&-Y. --I---- ---- 
While developing t h e  closed-form check so lu t ion  of t h e  
logarithmic s p i r a l ,  a new closed-form reference so lu t ion  (Ref. 3) 
w a s  developed t h a t  appears pa r t i cu la r ly  appl icable  f o r  computa- 
t i o n  of l o w  t h r u s t  t r a j e c t o r i e s .  
d i r e c t i o n  and v a r i e s  i n  magnitude d i r e c t l y  with t h e  t o t a l  ve loc i ty  
of t h e  vehic le  and inversely with t h e  square of t h e  radius  from 
t h e  con t ro l  body. This program has been so chosen t h a t  t h e  solu- 
t i o n  possesses as many a r b i t r a r y  constants  as t h e  order of system 
The t h r u s t  is  tangent ia l  i n  
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of d i f f e r e n t i a l  equations governing the  motion. Thus, an Encke 
o r  variation-of-parameters analysis  of neighboring t r a j e c t o r i e s  
i s  prac t icable .  
no t  been ca r r i ed  out.  
Exploi ta t ion of t h i s  new reference so lu t ion  has 
Generalized Newton-Raphson Method 
I n  addi t ion t o  t h e  Min H* optimization technique, which has 
been u t i l i z e d  f o r  most of t h e  rocket t r a j e c t o r y  s t u d i e s ,  a new 
method has been recent ly  developed t h a t  i s  r e fe r r ed  t o  as t h e  
generalized Newton-Raphson method. T h i s  method w a s  o r ig ina l ly  
derived t o  solve nonlinear two-point boundary value problems 
(Ref. 25) .  
optimization of low t h r u s t ,  in te rp lane tary  t r a j e c t o r i e s  (Ref. 10). 
The method departs  from t h e  usual i n d i r e c t  procedure of succes- 
s ive ly  in t eg ra t ing  t h e  nonlinear equations and ad jus t ing  a r b i -  
t r a r y  i n i t i a l  conditions of the Lagrange mul t ip l i e r s  u n t i l  t h e  
remaining boundary conditions a re  s a t i s f i e d .  Instead,  an operator 
i s  introduced t h a t  produces a sequence of sets of functions t h a t  
s a t i s f y  t h e  nonlinear system formed by the  state equations and 
t h e  Euler-Lagrange equations. Under appropriate  conditions,  t h i s  
sequence converges uniformly and rap id ly  (quadra t ica l ly)  t o  t h e  
so lu t ion  of t h e  nonlinear boundary value problem. Another out-  
standing f ea tu re  i s  t h a t  t h e  i n i t i a l  approximation does not  need 
t o  s a t i s f y  t h e  d i f f e r e n t i a l  equation. Thus, simple f i r s t  guesses 
t h a t  have physical meaning (not l i k e  the  gross  uncer ta in ty  of t h e  
i n i t i a l  values of t h e  mul t ip l ie rs )  have provided s a t i s f a c t o r y  
so lu t ions  f o r  t h e  problems s tudies .  
More recent ly  it has been successful ly  appl ied t o  
U t i l i z i n g  t h e  in te rp lane tary  computer program based on ' the  
he l iocen t r i c  t o  geocentr ic ,  optimum, coplanar, c i r c l e - t o - c i r c l e  
t r a n s f e r s  have been ca lcu la ted  f o r  l aw t h r u s t  vehic les  t h a t  are 
i n i t i a l l y  i n  a parking o r b i t  about t h e  e a r t h .  
t h e  f i n a l  values of t h e  radius  and ve loc i ty  components are pre- 
sc r ibed  and t h e  f i n a l  value of time is  minimized. With minor 
modifications,  a second program has been developed f o r  which t h e  
f i n a l  value of t i m e  i s  prescribed and t h e  f i n a l  rad ius  of t h e  
circular o r b i t  is  maximized. 
--.----l;--~ w --c -  a..-L-- --+h d ,,-A -h--nl-* t k a  A m t a  Fv- 
&ICLlICLQAA&SU 1 1 S W  L W A l - A \ a p A r o W A L  U b S b A L c u ,  U A & U  ~ L ~ Y & . O A L . ~  -&a- --I- - L  -- 
For t h i s  program, 
For a t h r u s t / i n i t i a l  weight r a t i o ,  (T/Wo), of g ' s ,  
optimal so lu t ions  have been generated f o r  progressively increas-  
ing values of f i n a l  t i m e  up t o  durations involving 21.4 revolu- 
t i o n s  about t h e  e a r t h  (26 revolutions f o r  10-4 g ' s ) .  Huwever, 
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t h i s  appears t o  be t h e  l i m i t  for  t h i s  method employing geocentric 
polar  coordinates and a simple second order predictor-corrector  
i n t eg ra t ion  procedure. For longer dura t ions ,  convergence t o  an 
accuracy of four s i g n i f i c a n t  f igures  h a s  not  been achieved, p re -  
sumably because of truncation/round-off e r r o r s .  
For values of f i n a l  t i m e  up t o  a few o r b i t a l  periods,  t h e  
r e s u l t s  are q u i t e  s imi l a r  t o  those obtained from previous l i n e a r  
analyses (Ref. 4 ) .  For longer durat ions,  d i f fe rences  are noted 
i n  t h e  performance achieved and i n  t h e  character of t h e  optimum 
t h r u s t  s t e e r i n g  angle. 
study is  superior  t o  the l i n e a r  r e s u l t s ,  as may be expected, due 
t o  t h e  more real is t ic  mathematical model t h a t  takes i n t o  account 
t he  decrease i n  g r a v i t a t i o n a l  a t t r a c t i o n  and reduction i n  vehicle  
mass as t h e  durat ion of the  maneuver increases .  
t h r u s t  s t ee r ing  angle o s c i l l a t e s  about zero (circumferent ia l )  a t  
t h e  o r b i t a l  frequency, a s  i n  t h e  l i n e a r  analyses ,  t h e  amplitude 
of motion behaves d i f f e r e n t l y .  
t i m e ,  t he  amplitude i s  generally l a r g e s t  during t h e  f i r s t  o r b i t  
and then decreases gradually.  
The a l t i t u d e  gained f o r  t h e  nonlinear 
Although the  
Instead of being constant w i t h  
The so lu t ion  f o r  t h e  t ransfer  involving 21.4 revolut ions 
requi red  f i v e  i t e r a t i o n  cycles ,  a t o t a l  of 24 t r a j e c t o r i e s ,  49 
seconds of IBM 7094 computer t i m e ,  and about 425 in tegra t ion  
i n t e r v a l s  per t r a j ec to ry .  Generally, w e  have noted that a mini- 
mum of 20 in t eg ra t ion  in t e rva l s  per revolut ion i s  required.  
Although the  l i n e a r  solut ions derived i n  Ref. 4 are inaccu- 
rate f o r  t h e  long durat ion t r ans fe r s ,  it i s  possible  t o  u t i l i z e  
t h e  l i n e a r  formulas, which a r e  very accurate f o r  one revolut ion,  
and continuously r e c t i f y  f o r  change i n  grav i ty  and mass. The 
For t h e  19-revolution example, t h e  e r r o r  i s  reduced from 77 per 
cent  ( l i n e a r  formula) t o  1/4 per cent  ( r e c t i f i e d  formula). This 
averaging process can be improved fu r the r ,  i f  necessary, fo r  
longer durat ion t r ans fe r s .  
integrals t o  be evgl-cgted ail& th;e --c- C---.l n m  n-m m . . l t n  s4m-l a 
U G W  L V A U I U L F . 0  C . L L .  yulbb Y & Y . = & ~ .  
A l imi ted  vehic le  parameter va r i a t ion  w a s  ca r r i ed  out and 
is  summarized i n  the  following t a b l e  f o r  a f ixed  value of f i n a l  
t i m e  equal t o  40.29 hours. 
s p e c i f i c  impulse of the  engine; 
t he  c i r c u l a r  o r b i t ;  and N is the  number of revolut ions about t he  
e a r t h  t o  complete t h e  maneuver. 
I n  t h e  following t a b l e  IS i s  t h e  
A R  i s  t h e  change i n  rad ius  of 
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A R  
(miles) 
.0025 5000 10,658. 13.064 
.001 5000 2,134. 20.046 
.0005 5000 893.6 23.123 
5000 413.9 24.792 .00025 
.OOOl 5000 158.2 25.852 
.001 1000 2,323. 19.824 
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Min W Method 
The appl ica t ions  of successive approximation techniques are 
n o t  l imi ted  t o  low th rus t  t r a j e c t o r i e s  o r  t o  smooth and continu- 
ous cont ro l  functions.  
t i v e l y  high t h r u s t  of 10-3 ear th  g ' s  (3.83 sun g ' s  a t  t h e  he l io-  
c e n t r i c  radius  of Mars) has been d e a l t  w i t h  successful ly .  Also,  
fo r  va r i ab le  t h r u s t  t r a j e c t o r i e s  w i t h  spec i f ied  l i m i t s  on t h r u s t  
magnitude and fue l  consumption, t h e  so lu t ion  converges t o  c l e a r l y  
defined regions of f u l l  t h r u s t  and coast .  
For t h e  in te rp lane tary  s tud ie s ,  a campara- 
Based on t h i s  success, a computer program using t h e  Min H* 
method has  been developed t o  t r e a t  three dimensional c i r c l e - t o -  
c i rc le ,  o r b i t a l  t r a n s f e r  and in te rcept  problems. I f  t h e  fue l  
consumption f o r  th rus t - l imi ted  rockets is  l imi ted ,  t h e  optimum 
minimum-time so lu t ion  should cons is t  of two o r  three full t h r u s t  
periods separated by coasting a rcs .  Exploratory s tud ie s  were made 
f o r  a vehicle  w i t h  a t h r u s t / i n i t i a l  weight r a t i o  of 8 x 10-2 and a 
s p e c i f i c  impulse of 400 seconds (chemical rocke t ) .  Boundary con- 
d i t i o n s  correspond t o  geocentric o r b i t a l  t r a n s f e r  f o r  i n i t i a l  and 
f i n a l  o r b i t s  a t  200 and 4000 m i l e s  a l t i t u d e ,  and inc l ined  t o  each 
other by as much as 30°. As i n  a l l  of t h e  other  th rus t - l imi ted  
s tud ie s ,  minimum t r a n s f e r  t i m e  is used as t h e  optimization c r i -  
t e r i o n ,  and t h e  f i n a i  value of mass is specif ied.  
I n i t i a l  attempts t o  solve t h e  o r b i t a l  t r a n s f e r  problem were 
unsuccessful. However, by eliminating t h e  terminal cons t r a in t s  
on t h e  ve loc i ty  components, t he  problem was changed t o  optimum 
o r b i t a l  i n t e rcep t .  For t h i s  example, t he  successive approxima- 
t i o n s  converged w i t h o u t  d i f f i c u l t y  t o  a bang-bang so lu t ion  w i t h  
L W V  a A b U .  au L b & L C & a L  L U A L  C L L L V C C L ~  y - L & w u  & V * L Y W C - Y  Y J  u W Y Y " . r L . . 6  
arc t o  t h e  point of i n t e rcep t .  
t--n - V I -  n- * - a  t l n l  G.11 - t h v n t t l  a nnrlnrl Fn11 nr. lnA hw a m n a a t l n r r  
Generally, computer programs f o r  t r a j e c t o r y  optimization 
employ a constant numerical in tegra t ion  in t e rva l .  Huwever, i t  has  
been noted t h a t  f o r  some of t h e  more "sensit ive" optimization 
problems where convergence is not a t t a i n a b l e ,  i t  i s  necessary t o  
repeat  i n t eg ra t ion  of t h e  f i n a l  t i m e  i n t e r v a l  of each t r a j e c t o r y  
using s i g n i f i c a n t l y  smaller s teps .  
c a l c u l a t e  more accurately t h e  minimum of t h e  function composed of 
t h e  terminal value of t i m e  to be minimized and t h e  penalty terms 
t o  be reduced t o  zero. Under appropriate conditions,  t h e  minimi- 
za t ion  of t h i s  function w i l l  r e s u l t  i n  successive approximations 
t h a t  tend toward t h e  so lu t ion  of t h e  o r i g i n a l  problem of minimum 
t i m e  wi th  boundary conditions s a t i s f i e d .  
T h i s  makes i t  possible  t o  
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To loca te  and evaluate the minimum of t h i s  function more 
accurately,  t h e  high t h r u s t  computer program was revised t o  
include a va r i ab le  f i n a l  in tegra t ion  i n t e r v a l ,  rather than j u s t  
smaller i n t e r v a l s .  
a very unsa t i s fac tory  rate.  
T h i s  revis ion provided convergence, but  a t  
Generalized Newton-Raphson Method 
Instead of continuing t h e  high t h r u s t  s tud ies  using the  
Min H* method, an a l t e r n a t i v e  approach has been explored. 
of i t s  rap id  convergence, t h e  generalized Newton-Raphson method 
has been extended i n  appl icat ion t o  va r i a t iona l  problems w i t h  
bounded cont ro l  var iab les  (Ref. 1 2 ) .  U t i l i z ing  t h e  method of 
Valentine (Ref. 2 6 ) ,  a new var iab le  i s  introduced such t h a t  t h e  
inequal i ty  cons t ra in t  may be replaced by an equivalent equal i ty  
cons t r a in t .  The r e s u l t i n g  nonlinear system of s t a t e  and Euler- 
Lagrange equations now consis ts  of d i f f e r e n t i a l  and a lgebra ic  
equations,  whereas f o r  t h e  constant t h r u s t  example, which i s  not 
a bounded cont ro l  problem, t h e  r e s u l t i n g  equations can be re- 
duced t o  a system of only d i f f e r e n t i a l  equations. Thus, t h e  
generalized Newton-Raphson method had t o  be modified i n  order 
t o  dea l  w i t h  t h e  addi t iona l  a lgebraic  equations r e s u l t i n g  from 
t h e  inequal i ty  cons t ra in t  on t h r u s t  magnitude. 
Because 
To gain experience, t h e  method w a s  appl ied t o  t h e  more simple 
problem of coplanar, c i r c l e - t o - c i r c l e ,  Earth-Mars t r a n s f e r ,  f o r  
which check so lu t ions  are ava i lab le  (Ref. 1). Employing a con- 
s t a n t  in tegra t ion  i n t e r v a l ,  t h e  i t e r a t e d  so lu t ions  converged 
very near ly  t o  t h e  true optimum so lu t ion ,  but did not s t a b i l i z e .  
Ins tead ,  the  so lu t ions  osc i l l a t ed  a t  a steady small amplitude 
rad ius  f o r  each i t e r a t i o n  cycle a l t e r n a t e d  between two values 
t h a t  d i f f e red  by about 1 per cent ,  each value being c lose  t o  
t h e  spec i f i ed  terminal radius .  
-I.-*+ tkc. -n+P-.- a n l * . t I -  e.*nh t h a t  t h n  Final x~alqqn cf a w w u b  C & L S  urb&ururu U U A U ~ L U ~ A ,  YYI.. I---- --a- -L-L-- .---- 
The d i f f i c u l t y  apparently i s  due t o  t h e  step-by-step i n t e -  
g ra t ion  procedure t h a t  is  car r ied  out a t  a prescribed constant 
t i m e  i n t e r v a l ,  r e s u l t i n g  i n  t h r u s t  d i scon t inu i t i e s  t h a t  may 
occur only a t  t h e  ends of the  in t eg ra t ion  in t e rva l s .  The d i f f i -  
c u l t y  is e a s i l y  eliminated and convergence i s  achieved by appre- 
c i ab ly  reducing t h e  in tegra t ion  s t e p  s i z e  only i n  those i n t e r -  
v a l s  where a d iscont inui ty  i s  detected.  
Application of t he  new method t o  geocentric high t h r u s t  
t r a j e c t o r y  optimization has not been attempted. 
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SINGULAR EXTREMALS 
Variat ional  problems i n  which t h e  cont ro l  va r i ab le  appears 
l i n e a r l y  i n  t h e  system d i f f e r e n t i a l  equations y i e l d  t o  conven- 
t i o n a l  treatment i f  t h e  optimal cont ro l  has  a bang-bang charac- 
t e r i s t i c .  Typical examples of such so lu t ions  are t h e  optimal 
cont ro l  characteristics of coplanar Earth-Mars o r b i t a l  t r a n s f e r  
(Ref. l), and three dimensional, Earth-Mars rendezvous trajec- 
t o r i e s  (Refs. 2 and 6 ) .  I n  each of these examples, t he  t h r u s t  
magnitude program converges w i t h o u t  d i f f i c u l t y  t o  c l e a r l y  defined 
regions of f u l l  t h r u s t  and coast. 
However, d i f f i c u l t i e s  a r i s e  w i t h  t h e  p o s s i b i l i t y  of i n t e r v a l s  
wherein t h e  optimal cont ro l  may be intermediate between t h e  speci-  
f i e d  l i m i t s ,  such segments of the so lu t ion  being s ingular  subarcs 
i n  classical v a r i a t i o n a l  terminology. 
general  theory has not  been ava i lab le  f o r  determining s ingular  
arcs, deciding as t o  whether they are minimizing even l o c a l l y ,  
i .e. ,  Over a shor t  t i m e  i n t e rna l ,  o r  f o r  determining t h e i r  r o l e  
as subarcs of a composite solution. 
Un t i l  very recent ly ,  
An inves t iga t ion  of s ingular  extremals has  been ca r r i ed  out 
(Refs. 8 and 9) i n  an attempt to  develop methods of ana lys i s  fo r  
such problems t h a t  occur frequently i n  optimal rocket f l i g h t .  
Although t h e  s tud ie s  have not yielded useful general  procedures, 
t h e s e  e f f o r t s  have been the  forerunners of some recent  s i g n i f i c a n t  
f indings of Kelley ( R e f .  27) ,  and Kopp and Moyer (Ref. 28) .  
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THROTTLEABLE MULTISTAGE ROCKET JXIGHT 
The optimal f l i g h t  of a multistage rocket involves jump 
d i scon t inu i t i e s  i n  mass whenever a s tage  has  consumed a l l  of 
i t s  fue l  and i s  separated.  Such d i scon t inu i t i e s  do not  present 
v a r i a t i o n a l  d i f f i c u l t y  i f  t h e  mass is  spec i f ied  a s  a function of 
t i m e .  However, f o r  multistage rockets  where t h e  engine i s  
t h r o t t l e a b l e  o r  capable of shutdown and r e s t a r t ,  and where  t h e  
t h r o t t l e  pos i t ion  i s  t r e a t e d  as t h e  cont ro l  va r i ab le  t o  be o p t i -  
mized, mass i s  a discontinuous s t a t e  va r i ab le  fo r  w h i c h  t h e  asso-  
c i a t e d  Lagrange mul t ip l i e r  w i l l  r equ i r e  special treatment. T h i s  
p a r t i c u l a r  appl ica t ion  h a s  motivated a study of the  general  class 
of discontinuous va r i a t iona l  problems t h a t  requi re  t h e  so lu t ion  
extremals t o  jump when a given hypersurface has  been reached. 
Two techniques fo r  ca lcu la t ing  t h e  change i n  t h e  Lagrange m u l t i -  
p l i e r s  are presented i n  Ref. 7 .  
The f i r s t  approach i s  geometrical and therefore  lo ses  most 
of i t s  usefulness as the  number of s ta te  var iab les  i s  increased 
beyond two. However, i t  does provide diagnost ic  i n s igh t .  The 
boundary of t h e  reachable set i s  regarded as a wavefront t h a t  i s  
determined by wavelets. T h i s  p r inc ip l e  i s  used t o  construct  t h e  
wavefront j u s t  a f t e r  the  d i s c o n t i m i t y  and t~ determine t h e  
normal t o  i t s  tangent plane. Of course,  t h e  Lagrange mul t ip l i e r  
vector  i s  p a r a l l e l  t o  t h i s  normal. 
The second approach i s  due t o  Cicala (Ref. 29)  and has 
recent ly  been u t i l i z e d  by Jazwinski (Ref. 30). I t  is  ana ly t i c  
and therefore  much more f l ex ib l e  and powerful. The jump condi- 
t i o n s  are adjoined t o  t h e  or ig ina l  i n t e g r a l  r e su l t i ng  i n  an 
augmented i n t e g r a l  t h a t  i s  varied i n  t h e  usual  manner. The 
s t a t iona ry  requirement provides a set of nonlinear equations, 
the  so lu t ion  of which determines t h e  discontinuous changes i n  
t h e  Lagrange mul t ip l i e r s .  
Application of these methods t o  the  t h r o t t l e a b l e  mult is tage 
rocket  problem es t ab l i shes  t h a t  when a s tage  i s  dropped, a l l  of 
t h e  mul t ip l i e r s  are continuous except t h e  one associated w i t h  
t h e  mass, and t h a t  t h e  discontinuous mul t ip l i e r  i s  changed such 
t h a t  t he  Hamiltonian remains continuous. 
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